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POSITIVITY IN COEFFICIENT-FREE RANK TWO CLUSTER
ALGEBRAS
G. DUPONT
Abstrat. Let b, c be positive integers, x1, x2 be indeterminates over Z and
xm,m ∈ Z be rational funtions dened by xm−1xm+1 = xbm + 1 if m is odd
and xm−1xm+1 = xcm + 1 if m is even. In this short note, we prove that
for any m, k ∈ Z, xk an be expressed as a substration-free Laurent poly-
nomial in Z[x±1m , x
±1
m+1
]. This proves Fomin-Zelevinsky's positivity onjeture
for oeient-free rank two luster algebras.
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Introdution
A ombinatorial result. Let b, c be positive integers, the (oeient-free) luster
algebra A(b, c) is a subring of the eld Q(x1, x2) generated by the elements xm,m ∈
Z satisfying the reurrene relations:
xm+1 =


xbm + 1
xm−1
if m ∈ 2Z+ 1 ;
xcm + 1
xm−1
if m ∈ 2Z.
The elements xm,m ∈ Z are alled the luster variables of A(b, c) and the pairs
(xm, xm+1),m ∈ Z are alled the lusters of A(b, c).
The Laurent phenomenon [FZ02℄ implies that for any m ∈ Z and any k ∈ Z the
luster variable xk belongs to the ring of Laurent polynomials Z[x
±1
m , x
±1
m+1].
When bc ≤ 4, it was proved by Sherman-Zelevinsky [SZ04℄ and independently
by Musiker-Propp [MP06℄ that for any m ∈ Z and any k ∈ Z the luster variable
xk belongs to N[x
±1
m , x
±1
m+1]. This was later proved by Caldero-Reineke for any
b = c [CR08℄. In this paper, we prove this for arbitrary positive integers b, c. More
preisely, the main result of the paper is :
Theorem 8. Let b, c be positive integers. With the above notations, we have
{xk : k ∈ Z} ⊂ N[x
±1
m , x
±1
m+1]
for any m ∈ Z.
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The positivity onjeture for luster algebras. In partiular, this result is a
partiular ase of a general onjeture formulated by Fomin and Zelevinsky for ar-
bitrary luster algebras. We reall that luster algebras were introdued by Fomin
and Zelevinsky in a series of papers [FZ02, FZ03, BFZ05, FZ07℄ in order to design a
general framework for understanding total positivity in algebrai groups and anon-
ial bases in quantum groups. They turned out to be related to various subjets
in mathematis like ombinatoris, Lie theory, representation theory, Teihmüller
theory and many other topis.
In full generality, a (oeient-free) luster algebra is a ommutative algebra
generated by indeterminates over Z alled luster variables. They are gathered
into sets of xed ardinality alled lusters. The initial data for onstruting a
(oeient-free) luster algebra is a seed, that is, a pair (B,u) where B ∈ Mq(Z)
is a skew-symmetrizable matrix and u = (u1, . . . , uq) is a q-tuple of indeterminates
over Z. The luster variables are dened indutively by a proess alled mutation.
The luster algebra assoiated to a seed (B,u) is denoted by A(B). For every
luster  = {c1, . . . , cq} in A(B), the Laurent phenomenon ensures that the luster
algebra A(B) is a Z-subalgebra of the ring Z[c±11 , . . . , c
±1
q ] of Laurent polynomials
in  [FZ02℄.
A Laurent polynomial is alled substration-free it it an be written as a N-linear
ombination of unitary Laurent monomials. In [FZ02℄, Fomin and Zelevinsky gave
the so-alled positivity onjeture for arbitrary luster algebras. In the oeient-
free ase, this onjeture an be stated as follows:
Conjeture 1 ([FZ02℄). Let A be a luster algebra. Then any luster variable x
in A an be written as a substration-free Laurent polynomial in any luster of A.
A simple but non-trivial lass of luster algebras is onstituted by the so-alled
rank two luster algebras, that is, the luster algebras of the form A(Bb,c) with
Bb,c =
[
0 b
−c 0
]
∈M2(Z).
Note that A(Bb,c) is the luster algebra A(b, c) introdued at the beginning.
Thus, Theorem 8 is equivalent to the following statement:
Theorem. Let b, c be positive integers. Then Conjeture 1 holds for the luster
algebra A(b, c).
Organization of the paper. Despite the fat the main theorem an be expressed
in purely ombinatorial terms, the methods we use in this paper are based on
representation theory and more preisely on ategoriations of luster algebras
using luster ategories and luster haraters developed in [BMR
+
06, CC06, CK08,
CK06℄. Positivity will follow from results of Caldero-Reineke [CR08℄ and folding
proesses inspired by methods in [Dup08℄ (see also [Dem08b, Dem08a℄). In setion
1, we reall the neessary bakground on luster ategories and luster haraters.
In setion 2, we investigate briey luster ategories and luster algebras assoiated
to quivers with automorphisms. In setion 3, we dene a folding proess in order to
realize luster variables in rank two luster algebras and we prove the main result.
1. Cluster ategories and luster haraters
In this setion, we reall neessary bakground on luster ategories and luster
haraters. In the whole paper, k will denote the eld C of omplex numbers. Let
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Q = (Q0, Q1) be a nite ayli quiver where Q0 is the set of verties and Q1 the
set of arrows. For an arrow α : i−→ j ∈ Q1, we denote by s(α) = i its soure
and t(α) = j its target. We assume that Q has no oriented yles, Q is thus alled
ayli.
To the quiver Q, we an assoiate a skew-symmetri matrix BQ = (bij)i,j∈Q0 as
follows:
bij = | {α ∈ Q1 : s(α) = i and t(α) = j} | − | {α ∈ Q1 : t(α) = i and s(α) = j} |.
This indues a 1-1 orrespondene from the set of quivers without loops and 2-yles
to the set of skew-symmetri matries.
1.1. Cluster ategories. A representation V of Q is a pair
V = ((V (i))i∈Q0 , (V (α))α∈Q1 )
where (V (i))i∈Q0 is a family of nite dimensional k-vetor spaes and (V (α))α∈Q1
is a family of k-linear maps V (α) : V (s(α))−→V (t(α)). A morphism of represen-
tations f : V−→W is a family (fi)i∈Q0 of k-linear maps suh that the following
diagram ommutes
V (s(α))
V (α) //
fs(α)

V (t(α))
ft(α)

W (s(α))
W (α) // W (t(α))
for any arrow α ∈ Q1. This denes a ategory rep(Q) whih is equivalent to the
ategory kQ-mod of nitely generated modules over the path algebra kQ of Q.
For any vertex i ∈ Q0, we denote by Pi (resp. Ii, Si) the indeomposable
projetive (resp. injetive, simple) kQ module assoiated to the vertex i. For
any representation M of Q, the dimension vetor of M is the vetor dimM =
(dimM(i))i∈Q0 ∈ N
Q0
.
We denote by Db(kQ) the bounded derived ategory of Q. This is a triangulated
ategory with shift funtor [1] and Auslander-Reiten translation τ . The luster
ategory of Q, introdued in [BMR+06℄, is the orbit ategory CQ = D
b(kQ)/τ−1[1]
of the auto-funtor τ−1[1] in Db(kQ). This is a triangulated ategory [Kel05℄.
Moreover, it is proved in [BMR
+
06℄ that indeomposable objets are given by
ind-(CQ) = ind-(kQ-mod) ⊔ {Pi[1] : i ∈ Q0}
and that CQ is a 2-Calabi-Yau ategory, that is, that there is a funtorial duality
Ext1CQ(M,N) ≃ DExt
1
CQ(N,M)
for any two objets M,N in the luster ategory.
1.2. The Caldero-Chapoton map. We denote by 〈−,−〉 the Euler form on kQ-
mod. For any representation M ∈ rep(Q) and any e ∈ NQ0 , the grassmannian of
submodules of M is the projetive variety
Gr
e
(M) = {N subrepresentation of M s.t. dimN = e} .
We an thus onsider the Euler-Poinaré harateristi χ(Gr
e
(M)) of this variety.
We denote by A(Q) the oeient-free luster algebra with initial seed (BQ,u)
where u = {ui : i ∈ Q0} is a set of indeterminates over Q. In [CC06℄, the authors
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onsidered a map X? : Ob(CQ)−→Z[u
±1] whih is now referred to as the Caldero-
Chapoton map.
Denition 2. The Caldero-Chapoton map is the map X? dened from the set of
objets in CQ to the ring of Laurent polynomials in the indeterminates {ui, i ∈ Q0}
by:
a. If M is an indeomposable kQ-module, then
(1) XM =
∑
e
χ(Gr
e
(M))
∏
i∈Q0
u
−<e,dimSi>−〈dimSi,dimM−e〉
i ;
b. If M = Pi[1] is the shift of the projetive module assoiated to i ∈ Q0, then
XM = ui;
. For any two objets M,N in CQ,
XM⊕N = XMXN .
Note that equality (1) holds also for deomposable modules.
One of the main motivations for introduing the Caldero-Chapoton map was:
Theorem 3 ([CK06℄). Let Q be an ayli quiver. Then X? indues a 1-1 orre-
spondene from the set of indeomposable objets without self-extensions in CQ and
luster variables in A(Q).
Moreover, it gives the luster algebra A(Q) a struture of Hall algebra of the
luster ategory CQ. More preisely, Caldero and Keller proved the following:
Theorem 4 ([CK06℄). Let Q be an ayli quiver, M,N be two objets in CQ suh
that Ext1CQ(M,N) ≃ k, then
XMXN = XB +XB′
where B and B′ are the unique objets suh that there exists non-split triangles
M−→B−→N−→M [1] and N−→B′−→M−→N [1].
Caldero and Reineke later proved an important result towards about positivity:
Theorem 5 ([CR08℄). Let Q be an ayli quiver, M be an indeomposable module,
then χ(Gr
e
(M)) ≥ 0.
In partiular, this result ombined with Theorem 3 proves that if Q is an ayli
quiver, luster variables in A(Q) an be written as substration-free expressions in
the initial luster.
2. Automorphisms of quivers
Let Q = (Q0, Q1) be an ayli quiver and BQ = (bij) ∈ MQ0(Z) be the assoi-
ated matrix.
A subgroup G of the symmetri group SQ0 is alled a group of automorphisms
of Q if bgi,gj = bi,j for any i, j ∈ Q0 and any g ∈ G.
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2.1. G-ation on the luster ategory. Fix an ayli quiver Q equipped with
a group of automorphisms G. We dene a group ation of G on rep(Q) as fol-
lows. For any g ∈ G and any representation V , set gV to be the representation
((V (g−1i))i∈Q0 , (V (g
−1α))α∈Q1 ). For any morphism of representation f : V−→W ,
gf is the morphism gV−→ gW given by gf = (fg−1i)i∈Q0 . Eah g denes a k-linear
auto-equivalene of rep(Q) with quasi-inverse g−1.
Eah g indues an ation by auto-equivalene on the bounded derived ategory
Db(kQ) ommuting with the shift funtor [1] and the Auslander-Reiten translation
τ . Thus, eah g ∈ G indues an ation by auto-equivalene on the luster ategory
CQ = D
b(kQ)/τ−1[1]. This ation is additive and given on shift of projetive objets
by gPi[1] ≃ Pgi[1] for any g ∈ G and i ∈ Q0.
2.2. G-ation and variables. We still onsider an ayli quiver Q equipped with
a group of automorphisms G. Let A(Q) be the oeient-free luster algebra with
initial seed (BQ,u) with u = {ui : i ∈ Q0}. We dene an ation of G by Z-algebra
homomorphisms on the ring of Laurent polynomials Z[u±1] by setting gui = ugi.
The following lemma is straightforward (see [Dup08℄ for a proof).
Lemma 6. Let Q be an ayli quiver equipped with a group G of automorphisms.
Then for any objet M in CQ, we have
gXM = XgM .
3. Unfolding rank two luster algebras
The main idea of this paper omes from folding proesses rst developed by
the author in [Dup08℄. Fix b, c two positive integers and v = {v1, . . . , vb}, w =
{w1, . . . , wc} two nite sets. Let Kb,c be the quiver given by
(Kb,c)0 = v ⊔w
and for every i ∈ {1, . . . , b}, j ∈ {1, . . . , c}, there is exatly one arrow vi−→wj .
The quiver Kb,c an be represented as follows:
v1 //
''OO
OOO
OOO
OOO
OO
=
==
==
==
==
==
==
==
==
=

-
--
--
--
--
--
--
--
--
--
--
--
--
--
--
--
--
w1
v2
77ooooooooooooo //
&&MM
MM
MM
MM
MM
MM
M

1
11
11
11
11
11
11
11
11
11
11
11
11
11
w2
Kb,c = .
.
.
@@
88
//
%%

w3
vb
FF
BB
99sssssssssssss //
&&MM
MM
MM
MM
MM
MM
M
.
.
.
wc
Note that Kb,c is ayli and that the group
G = S
v
×S
w
is a group of automorphisms for Kb,c.
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In order to simplify notations, we write Q = Kb,c. We denote by A(Q) the
oeient-free luster algebra with initial seed (u, BQ) where
u = {uv1 , . . . , uvb , uw1 , . . . , uwc} .
We dene the following Z-algebra homomorphism pi alled folding :
pi :


Z[u±1i : i ∈ Q0] −→ Z[x
±1
1 , x
±1
2 ]
uvi 7→ x1 for all i = 1, . . . , b;
uwi 7→ x2 for all i = 1, . . . , c.
We will denote by P
v
(resp. P
w
) a representative of the set {Pv1 , . . . , Pvb} (resp.
{Pw1 , . . . , Pwc}).
We denote by X? the Caldero-Chapoton map on CQ. For every g ∈ G and i ∈ Z,
we have gP
v
[i] ∈ {Pv1 [i], . . . , Pvb [i]} and gPw[i] ∈ {Pw1 [i], . . . , Pwc [i]}. It follows
from Lemma 6 that pi(P
v
[i]) and pi(P
w
[i]) are well-dened elements in Z[x±11 , x
±1
2 ].
We an thus give the following desription of luster variables in A(b, c):
Proposition 7. Let b, c be positive integers. Then, for any m ∈ Z, we have
x2m+1 = pi(XP
v
[m+1])
x2m+2 = pi(XP
w
[m+1])
Proof. We prove it by indution on m. We have x1 = pi(uvi) = pi(XPvi [1]) for every
i = 1, . . . , b and x2 = pi(uwi) = pi(XPwi [1]) for every i = 1, . . . , c.
Fix i ∈ {1, . . . , c} and m ∈ Z, we have isomorphisms of k-vetor spaes
k ≃ EndCQ(Pwi [m+ 1])
≃ Ext1CQ(Pwi [m+ 1], Pwi [m])
≃ Ext1CQ(Pwi [m], Pwi [m+ 1])
and the orresponding triangles are
Pwi [m]−→ 0−→Pwi [m+ 1]−→Pwi [m+ 1],
Pwi [m+ 1]−→
c⊕
j=1
Pvj [m]−→Pwi [m]−→Pwi [m+ 2].
It thus follows from Theorem 4 that
XPwi [m]XPwi [m+1] =
c∏
i=1
XPvj [m] + 1
but pi(XPwi [m]) = x2m and pi(XPvj [m]) = x2m−1 for every j = 1, . . . , b. We thus get
pi(XPwi [m+1]) =
xb2m−1 + 1
x2m
= x2m+2.
The other ases are proved similarly. 
Figure 1 sums up the situation where in the AR-quiver of CQ, we grouped to-
gether the objets in a same G-orbit and the arrows between these orbits.
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Figure 1. Realizing luster variables
Loally, the quiver has atually the following shape:
Pv1 [i] //
((QQ
QQQ
QQQ
QQQ
QQQ
!!C
CC
CC
CC
CC
CC
CC
CC
CC
CC
C

1
11
11
11
11
11
11
11
11
11
11
11
11
11
11
11
11
11
1
Pw1 [i− 1]
Pv2 [i]
66mmmmmmmmmmmmmm
//
((PP
PPP
PPP
PPP
PPP
  
6
66
66
66
66
66
66
66
66
66
66
66
66
66
66
Pw2 [i− 1]
.
.
.
==
66
//
''
  
Pw3 [i− 1]
Pvb [i]
CC
>>}}}}}}}}}}}}}}}}}}}}}
77nnnnnnnnnnnnnn
//
((PP
PPP
PPP
PPP
PPP
.
.
.
Pwc [i− 1]
We now prove the main theorem:
Theorem 8. Let b, c be positive integers. With the above notations, we have
{xk : k ∈ Z} ⊂ N[x
±1
m , x
±1
m+1]
for any m ∈ Z.
Proof. Let b, c be positive integers. All the exhange matries in A(b, c) are either[
0 b
−c 0
]
or
[
0 −b
c 0
]
. It is thus enough to prove that luster variables in A(b, c)
an be expressed as substration-free expressions in the initial luster  = (x1, x2).
Fix a luster variable x in A(b, c). Then x = xk for some k ∈ Z. Assume for
example that k = 2m+ 2 for some m ∈ Z. Then it follows from Proposition 7 that
x = pi(XP
w
[m+1]). Aording to Theorem 5, as Kb,c is ayli, XP
w
[m+1] is a linear
ombination of Laurent monomials in u with positive oeients. Thus, applying
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pi to this expansion, x = pi(XP
w
[m+1]) is a linear ombination of Laurent monomials
in (x1, x2) with positive oeients. Similarly, if k = 2m + 1, xk an be written
as a linear ombination of Laurent monomials in (x1, x2) with positive oeients.
This proves the theorem. 
Example 9. We onsider the luster algebra A(2, 3) with initial luster (x1, x2).
We onsider the following quiver:
w1
Q = K2,3 : v1
>>}}}}}}}}
//
  A
AA
AA
AA
A w2 v2
oo
~~}}
}}
}}
}}
``AAAAAAAA
w3
Let A(Q) be the luster algebra with initial seed (BQ,u) where
u = {uv1 , uv2 , uw1 , uw2 , uw3} .
Let X? : Ob(CQ)−→Z[u
±1] be the orresponding Caldero-Chapoton map.
A diret omputation gives
XPwj =
1 + uv1uv2
uwj
,
XIwj = XPwj [2] =
1+ uv1uv2 + 2uw1uw2uw3 + u
2
w1
u2w2u
2
w3
uwjuv1uv2
for every j = 1, 2, 3 and
XPvi =
1 + u3v1u
3
v2
+ 3u2v1u
2
v2
+ 3uv1uv2 + uw1uw2uw3
uviuw1uw2uw3
,
XIvi = XPvi [2] =
1 + uw1uw2uw3
uvi
for every i = 1, 2.
Consider the folding morphism
pi :


Z[u±1i : i ∈ Q0] −→ Z[x
±1
1 , x
±1
2 ]
uvi 7→ x1 for all i = 1, 2;
uwj 7→ x2 for all j = 1, 2, 3.
Thus we get
pi(XPvi ) =
1 + x61 + 3x
4
1 + 3x
2
1 + x
3
2
x1x32
= x−1, pi(XPwj ) =
1 + x21
x2
= x0,
pi(XPvi [1]) = x1, pi(XPwj [1]) = x2,
pi(XIvi ) =
1 + x32
x1
= x3, pi(XIwj ) =
1 + x21 + 2x
3
2 + x
6
2
x21x2
= x4.
This illustrates Theorem 8.
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